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Abstract
We study B → J/Ψ η(′) decays and suggest two methods to determine the η − η′ mixing
angle. We calculate not only the factorizable contribution in QCD facorization scheme but also
the nonfactorizable hard spectator corrections in pQCD approach. We get the branching ratio of
B → J/Ψ η which is consistent with recent experimental data and predict the branching ratio of
B → J/Ψ η′ to be 7.59 × 10−6. Two methods for determining η − η′ mixing angle are suggested
in this paper. For the first method, we get the η − η′ mixing angle to be about −13.1◦, which is
in consistency with others in the literature. The second method depends on less parameters so
can be used to determine the η− η′ mixing angle with better accuracy but needs, as an input, the
branching ratio for B → J/Ψ η′ which should be measured in the near future.
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I. INTRODUCTION
Nonleptonic decays of B mesons is a good place for testing the Standard Model and
finding new physics beyond the SM. Several useful methods have been created to cal-
culate the hadronic nonleptonic decay matrix elements, such as the naive factorization
assumption(NF)[1, 2], the pQCD approach[3], the QCD-improved factorization (QCDF)[4],
soft collinear effective theoty (SCET)[5] etc. Most of the predictions from these methods
are consistent with experimental data, but these methods do not apply to B mesons decays
into charmonia[6], such as B → J/ΨK. The branching ratio of B → J/ΨK from NF is too
small compared to the experimental data by Babar [7],
Br(B+ → J/ψK+) = (10.61± 0.15± 0.48)× 10−4 ,
Br(B0 → J/ψK0) = (8.69± 0.22± 0.30)× 10−4 , (1)
The large inconsistency between prediction from Naive Factorization and experimental data
shows that nonfactorizable contribution may play an important role . Some other approaches
have been tried to solve the puzzle[8]. The prediction B(B0 → J/ψK0) ≈ 1 × 10−4 from
QCD-improved factorization(QCDF) is too small to account for the data. In the calculation
of the hard spectator scattering diagrams by QCDF, logarithmical divergences are generated
from the end-point region. So to make an estimation, arbitrary cutoffs for parameterizing
the divergence have been introduced, which render the contribution of the nonfactorizable
hard spectator scattering diagrams out of control. A method to calculate the hard spectator
scattering diagrams was introduced by the authors of Ref.[9]. This method can give good
explanation for the decays of B → J/ΨK.
TheB → J/Ψ η(′) decays were calculated with pQCD approach in Ref. [11]. The predicted
central value of B → J/Ψ η in Ref. [11] is four times smaller than the recent measured
one by Belle[12]. The reason is that the characteristic scale in the factorizable diagram of
B → J/Ψ η(′) is around 1 GeV, which means that the pQCD approach can not apply. The
calculation of many B decays into charmonia shows that the method in [9] is applicable
for calculating the decay amplitude of B → J/Ψ η(′). In this paper, we calculate the
B → J/Ψ η(′) decays with the methods put forward in [9].
The mixing of η and η′ and their components are interesting topics to be investigated.
Many attempts have been made to determine the mixing angle and the gluonic component
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[13]-[35]. Most of the authors obtained the mixing angle θp in the range between −20◦ to
−10◦ by fitting the experimental data . The η − η′ mixing angle is generally determined
through the calculation of the decay amplitudes or transition form factor, so the deter-
mination of η − η′ mixing angle depends on the choice of some uncertain parameters and
assumption about the variation of the form factor with momentum transfer Q2, the decay
constants of η and η′, CKM matrix elements, and the choice of model-dependent wave func-
tion of the relevant mesons . That means that the fitted mixing angle has many uncertainty
sources, such as the chiral enhancement scale mη
d¯d
0 chosen from 1.07 GeV to 1.5 GeV , the
uncertain shape parameter in the wave function which causing big uncertainties of the decay
rates and the model-dependent wave functions of the relevant mesons . We think that it is
not a good way to determine η − η′ mixing angle with too many parameters and assump-
tions. So we try to find a better method to determine it. Based on only one assumption
that the decay constant and the distribution amplitude of the dd¯ component for η is the
same as that for η′[29, 34, 36], we can derive the relation between the branching ratios of
B → J/Ψ η(′). From this relation, we can determine η − η′ mixing angle. The only inputs
we need are the masses of η(′) and the experimental value of the ratio of the branching ratios
for B → J/Ψ η(′). The masses of η(′) have small uncertainties[37], so the η− η′ mixing angle
determined in this way has much less uncertainty sources.
This paper is organized as follows. In Sec. II, we derive the formulas for the amplitudes
of the B0 → J/Ψ η(′). Two methods for determining the η − η′ mixing angle are presented.
Summary is given in Sec. III . Some input parameters and mesons wave function are listed
in the appendix in Sec. IV.
II. BRANCHING RATIOS FOR THE DECAYS OF B0 → J/Ψ η(′)
The accuracy of the mixing angle of η and η′ depend on the reliability of the method for
calculating the decay amplitudes. B → J/Ψη(′) are good processes for determining the η−η′
mixing angle. From the prediction for B → J/ΨK(∗) in Ref. [9] and that for B → J/Ψπ0 in
our paper[10], we believe that the method in Ref. [9] can be used to calculate the branching
ratios of B0 → J/Ψη(′) so as to determine the η − η′ mixing angle.
The η and η′ are neutral pseudoscalar (JP = 0−) mesons. There are two different mixing
scheme to describe the η -η′ mixing, we choose the mixtures of the SU(3)F singlet η1 and
3
the octet η8[29, 34]: 
 η
η′

 =

 cos θp − sin θp
sin θp cos θp



 η8
η1

 , (2)
with
η8 =
1√
6
(
uu¯+ dd¯− 2ss¯
)
,
η1 =
1√
3
(
uu¯+ dd¯+ ss¯
)
, (3)
where θp is the η − η′ mixing angle .
In order to determine the mixing angle of η and η′, we choose to calculate the B0 →
J/Ψ η(′) decays.
For the B0 → J/Ψ η(′) decays, the effective Hamiltonian is given by [38],
Heff =
GF√
2
{
VcbV
∗
cd[C1(µ)O1 + C2(µ)O2]− VtbV ∗td
10∑
k=3
Ck(µ)Ok
}
, (4)
with the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements V and the four-fermion op-
erators,
O1 = (d¯icj)V−A(c¯jbi)V−A , O2 = (d¯ici)V−A(c¯jbj)V−A ,
O3 = (d¯ibi)V−A
∑
q
(q¯jqj)V−A , O4 = (d¯ibj)V−A
∑
q
(q¯jqi)V−A ,
O5 = (d¯ibi)V−A
∑
q
(q¯jqj)V+A , O6 = (d¯ibj)V−A
∑
q
(q¯jqi)V+A ,
O7 =
3
2
(d¯ibi)V−A
∑
q
eq(q¯jqj)V+A , O8 =
3
2
(d¯ibj)V−A
∑
q
eq(q¯jqi)V+A ,
O9 =
3
2
(d¯ibi)V−A
∑
q
eq(q¯jqj)V−A , O10 =
3
2
(d¯ibj)V−A
∑
q
eq(q¯jqi)V−A , (5)
i, j being the color indices.
In this paper, we take the light-cone coordinates (p+, p−,pT ) to describe the four-
dimensional momenta of the meson,
p± =
1√
2
(p0 ± p3), and pT = (p1, p2). (6)
At the rest frame of the B meson, the momentum P1 of the B meson is
P1 =
MB√
2
(1, 1, 0T ) (7)
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the J/Ψ(η) meson momentum P2(P3) can be written as
P2 =
MB√
2
(1− r23, r22, 0T ), P3 =
MB√
2
(r23, 1− r22, 0T ) (8)
with r2 = mJ/ψ/mB, r3 = mη/mB.
The polarization vectors of the J/Ψ meson are parameterized as
ǫ2L =
1√
2r2
(
1,−r22, 0T
)
, ǫ2T = (0, 0, 1T ) . (9)
The decay width of of B0 → J/Ψ η is
Γ =
1
32πmB
G2F (1− r22 +
1
2
r42 − r23)|A|2 . (10)
The amplitude A consists of factorizable part and nonfactorizable part. It can be written
as
A = f η
dd¯
(AFA + AV ERT + AHS) , (11)
with mixing factor
f η
dd¯
=
1√
6
cos θP − 1√
3
sin θP (12)
where AFA denotes the factorizable contribution, AV ERT is the vertex corrections from
Fig. 1.(a)-(d), AHS is the hard spectator scattering correction from Fig. 1.(e)-(f).
A. Factorizable Contribution and Vertex Correction In QCDF
The factorizable part AFA of amplitude A in Eq. (11) for B → J/Ψη decay can not
be calculated reliably in pQCD approach, because its characteristic scale is around 1 GeV
[9]. We here compute the factorizable part of amplitude and the vertex correction from
Fig. 1.(a)-(d) in QCDF [4] instead of pQCD approach and get
AFA + AV ERT = aeffm
2
BfJ/ψF
B→η
1 (m
2
J/ψ)(1− r22) , (13)
where fJ/ψ is decay constant of J/ψ meson, F
B→η
1 is the B → η transition form factor
defined as
〈η(P3)|b¯γµd|B(P1)〉 = FB→η1 (q2)
[
(P1 + P3)µ −
m2B −m2η
q2
qµ
]
+ FB→η0 (q
2)
m2B −m2η
q2
qµ ,(14)
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FIG. 1: Nonfactorizable contribution to the B0 → J/Ψ η(′) decays
q = P1 − P3 being the momentum transfer, and mη the η meson mass.
The Wilson coefficient aeff for B
0 → J/Ψη can be derived in QCDF[39],
aeff = V
∗
c
[
C1 + V
∗
c
C2
Nc
+
αs
4π
CF
Nc
C2
(
−18 + 12 ln mb
µ
+ fI
)]
−V ∗t
[
C3 +
C4
Nc
+
αs
4π
CF
Nc
C4
(
−18 + 12 ln mb
µ
+ fI
)
+C5 +
C6
Nc
+
αs
4π
CF
Nc
C6
(
6− 12 ln mb
µ
− fI
)
+ C7 +
C8
Nc
+ C9 +
C10
Nc
]
,
with the function,
fI =
2
√
2Nc
fJ/ψ
∫
dx3Ψ
L(x2)
[
3(1− 2x2)
1− x2 ln x2 − 3πi+ 3 ln(1− r
2
2) +
2r22(1− x2)
1− r22x2
]
, (15)
For the B → η transition form factor, we employ the models derived from the light-cone
sum rules [40], which is parameterized as
FB→η1 (q
2) =
r1
1− q2/m1 +
r2
(1− q2/m21)2
(16)
with r1 = 0.122, r2 = 0.155, m1 = 5.32Gev, for B → η transition.
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B. Hard Spectator Scattering Corrections In pQCD Approach
For the hard spectator scattering corrections AHS from Fig. 1.(e)-(f), QCDF is not appro-
priate due to the end-point singularity from vanishing parton momenta. The nonfactorizable
contribution has a characteristic hard scale higher than that in B meson transition form fac-
tor [41]. Therefore, we can employ pQCD approach based on kT factorization theorem, which
is free of the end-point singularity for the spectator amplitude [9]. The nonfactorizable hard
spectator amplitudes can be written as,
AHS = V
∗
c M(J/ψη)1 − V ∗t M(J/ψη)4 − V ∗t M(J/ψη)6 , (17)
where the amplitudesM(J/ψη)1,4 andM(J/ψη)6 result from the (V−A)(V−A) and (V−A)(V+A)
operators in Eq. (4), respectively. Their factorization formulas are given by pQCD approach.
In the calculation ofM(J/ψη)1,4 andM(J/ψη)6 , because J/ψ is heavy, we reserve the power terms
of r2 up to O(r42), the power terms of r3 up to O(r23) . When r42 and r23 are taken as zero,
the M(J/ψη)1,4 /m2B , M(J/ψη)6 /m2B in this paper can be reduced to the corresponding M(J/ψη)1,4
, M(J/ψη)6 in ref.[9],
M(J/ψη)1,4 = 16πm2BCF
√
2Nc
∫ 1
0
[dx]
∫ ∞
0
b1db1ΦB(x1, b1)
×
{[
(1− 2r22 + r42)(1− x2)Φpi(x3)ΨL(x2) +
1
2
(r22 − r42)Φη(x3)Ψt(x2)
−rη(1− r22)x3ΦPη (x3)ΨL(x2) + rη
(
2r22(1− x2) + (1− r22)x3
)
Φtη(x3)Ψ
L(x2)
]
×E1,4(t(1)d )h(1)d (x1, x2, x3, b1)
−
[
(x2 − x2r42 + x3 − 2r22x3 + r42x3)Φpi(x3)ΨL(x2) + r22(2rηΦtη(x3)
−1
2
(1− r22)Φη(x3))Ψt(x2)− rη(1− r22)x3ΦPη (x3)ΨL(x2)
−rη
(
2r22x2 + (1− r22)x3
)
Φtη(x3)Ψ
L(x2)
]
×E1,4(t(2)d )h(2)d (x1, x2, x3, b1) , (18)
M(J/ψη)6 = 16πm2BCF
√
2Nc
∫ 1
0
[dx]
∫ ∞
0
b1db1ΦB(x1, b1)
×
{[
(1− x2 + r42x2 + x3 − 2r22x3 + r42x3 − r42)Φpi(x3)ΨL(x2)
+r22(2rηΦ
t
η(x3)−
1
2
(1− r22)Φη(x3))Ψt(x2)
−rη(1− r22)x3ΦPη (x3)ΨL(x2)− rη
(
2r22(1− x2) + (1− r22)x3
)
Φtη(x3)Ψ
L(x2)
]
×E6(t(1)d )h(1)d (x1, x2, x3, b1)
−
[
(1− 2r22 + r42)x2Φpi(x3)ΨL(x2) +
1
2
(r22 − r42)Φη(x3)Ψt(x2)
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−rη(1− r22)x3ΦPη (x3)ΨL(x2) + rη
(
2r22x2 + (1− r22)x3
)
Φtη(x3)Ψ
L(x2)
]
×E6(t(2)d )h(2)d (x1, x2, x3, b1)
}
, (19)
with the color factor CF = 4/3, the number of colors Nc = 3, the symbol [dx] ≡ dx1dx2dx3
and the mass ratio rη = m
ηd¯d
0 /mB, m
ηd¯d
0 being the chiral scale associated with the η meson.
In the derivation of spectator correction in pQCD approach, we need to input the wave
function of relevant mesons , we list the wave functions in appendix.
The evolution factors are written as[9]
Ei(t) = αs(t)a
′
i(t)S(t)|b3=b1 , (20)
with the Wilson coefficients,
a′1 =
C2
Nc
; ,
a′4 =
1
Nc
(
C4 +
3
2
ecC10
)
,
a′6 =
1
Nc
(
C6 +
3
2
ecC8
)
. (21)
The Sudakov exponent is given by[9]
S(t) = SB(t) + SK(t) ,
SB(t) = exp
[
−s(x1P+1 , b1)−
5
3
∫ t
1/b1
dµ¯
µ¯
γ(αs(µ¯))
]
, (22)
SK(t) = exp
[
−s(x3P−3 , b3)− s((1− x3)P−3 , b3)− 2
∫ t
1/b3
dµ¯
µ¯
γ(αs(µ¯))
]
, (23)
The hard functions h
(j)
d , j = 1 and 2, are
h
(j)
d =
1
D −Dj

 K0(
√
DjmBb1)−K0(
√
DmBb1) for Dj ≥ 0
ipi
2
H
(1)
0
(√
|Dj|mBb1
)
−K0(
√
DmBb1) for Dj < 0

 , (24)
with the arguments,
D = x1x3(1− r22)− r23x23 , (25)
D1 = x1x3 + x2x3 − x3 + (−x22 − x1x2 − x3x2 + 2x2 + x1 − x1x3 + x3 − 1)r22
+r23(−x23 − x2x3 + x3) +
1
4
r22 , (26)
D2 = x1x3 − x2x3 + (−x22 + x1x2 + x3x2 − x1x3)r22 + r23(x2x3 − x23) +
1
4
r22 . (27)
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In the calculation of hard function, we reserve the power terms of r2 up to O(r42), the power
terms of r3 up to O(r23), as r42 and r23 are taken as zero, the hard function in this paper is
same as the hard function in ref.[9].
The hard scales t are chosen as
t(j) = max(
√
DmB,
√
|Dj |mB, 1/b1) . (28)
Similarly, we can get the amplitude A for B0 → J/Ψη′. From the the amplitudes for
B0 → J/Ψη and for B0 → J/Ψη′, we can derive the relation between the amplitude A for
B0 → J/Ψη′ and that for B0 → J/Ψη with the assumption that the decay constant and the
distribution amplitude of the d¯d component for η is the same as that for η′[29, 34, 36],
A(B0 → J/Ψ η′) =
1√
6
sin θP +
1√
3
cos θP
1√
6
cos θP − 1√3 sin θP
A(B0 → J/Ψη) (29)
C. Numerical Analysis
From the Eq. (10) and Eq. (11), we can derive the relation of the branching ratio of
B0 → J/Ψ η(′) with η − η′ mixing angle θp,
Br(B0 → J/Ψ η) = 1
32πMBΓB0
G2F (1− r22 +
1
2
r42 − r23(η))
(
1√
6
cos θP − 1√
3
sin θP )
2|(AFA + AV ERT + AHS)|2 (30)
Br(B0 → J/Ψ η′) = 1
32πMBΓB0
G2F (1− r22 +
1
2
r42 − r23(η′))
(
1√
6
sin θP +
1√
3
cos θP )
2|(AFA + AV ERT + AHS)|2 (31)
where r3(η′) = mη′/mB, r3(η) = mη/mB, ΓB0 is the total decay width of B
0 meson.
The Fig. (2) and Fig. (3) show the relation of the branching ratios of B0 → J/Ψ η(′) with
η − η′ mixing angle θp .
According to Eq. (30) and Eq. (31) we can determine the η − η′ mixing angle with the
help of the experimental data of the branching ratio of B0 → J/Ψ η(′). Because the the
branching ratio of B0 → J/Ψ η′ has not been measured, we try to determine η − η′ mixing
9
angle θp according to Eq. (30) and compare with the results of others. The range of θp is
usually taken to be −20◦ ≤ θp ≤ −10◦ in the literature. We here choose the the range of θp
as −60◦ ≤ θp ≤ 60◦. Then we can get the range of η− η′ mixing angle θp from Eq. (30) and
the recent experimental data[12]
Brexp(B0 → J/Ψ η) = (9.6± 1.7± 0.7)× 10−6, (32)
-60 -40 -20 0 20 40 60
0
2.5
5
7.5
10
12.5
15
17.5
Br(B0 → J/Ψ η)[10−6]
θp[deg]
FIG. 2: The variation of the branching ratios of B0 → J/Ψ η with η − η′ mixing angle θp
Taking the central value of experimental data in [12], we can get the η− η′ mixing angle
θp
θp = −13.1◦ (33)
Compared with the range of η − η′ mixing angle −20◦ ≤ θp ≤ −10◦ [13], and the recent
result θp = −13.5◦ or θp = −17◦ ± 1◦ [14, 15, 16], our result is in agreement with theirs,
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FIG. 3: The variation of the branching ratios of B0 → J/Ψ η′ with η − η′ mixing angle θp
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FIG. 4: The variation of the ratio for the branching ratios of B0 → J/Ψ η′ and B0 → J/Ψ η with
η − η′ mixing angle θp
but the θp determined in this method has some uncertainties induced by the experimental
data, CKM matrix element, η(′)wave functions, decay constants of η(′), form factor of B → η
transition, etc. So it is not a clean method.
On the other hand, if we take the η−η′ mixing angle as an input, say, −20◦ ≤ θp ≤ −10◦,
we can predict the branching ratio of B0 → J/Ψ η,
8.68× 10−6 ≤ Br(B0 → J/Ψ η) ≤ 11.6× 10−6 (34)
Comparing our result in Eq. (34) with experimental data in Eq. (32) and that in Ref.[11] ,
Br( B0 → J/Ψη) =
[
1.96+0.71−0.50(ωb)
+9.65
−0.39(at)
+0.32
+0.13(a2)
+0.14
−0.13(fJ/Ψ)
]
× 10−6, (35)
and other works in B decays into charmonia, we can conclude that pQCD approach can
not apply to calculate the factorizable diagram in B decays into charmonia, because the
characteristic hard scale is not big enough.
Now we discuss the other method for determining the mixing angle θp. Because the
branching ratio of B0 → J/Ψ η′ has not been measured, we need to calculate the branching
ratio of B0 → J/Ψ η′ . Taking the η − η′ mixing angle as θp = −13◦, the branching ratio of
B0 → J/Ψ η′ can be gotten from Eq. (31),
Br(B0 → J/Ψ η′) = 7.59× 10−6 (36)
From Eq. (29), we can get the relation of the ratio of the branching ratios of B0 → J/Ψ η
and B0 → J/Ψ η′ with the η − η′ mixing angle θp,
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Rη′η =
Br(B0 → J/Ψ η′)
Br(B+ → J/Ψη) =
( 1√
6
sin θP +
1√
3
cos θP )
2
( 1√
6
cos θP − 1√3 sin θP )2
(1− r22 + 12r42 − r23(η′))
(1− r22 + 12r42 − r23(η))
, (37)
From the Eq. (37), the mixing angle θp can be extracted from the ratio of the branching
ratios of B0 → J/Ψ η(′). Because the uncertainty of the masses of η and η′ is very small,
the uncertainty of θp determined in this method is mainly from the uncertainty of the
measured ratio of the branching ratios of B0 → J/Ψ η(′). It is obvious that the second
method can reduce the uncertainty quite a bit. In Fig.(4) we show the variation of the ratio
of the branching ratios of B0 → J/Ψ η(′) with θp. If the ratio of the branching ratios of
B0 → J/Ψ η(′) with θp were measured, we could determine the mixing angle θp fairly well.
We hope that the future experiments would do it!
III. SUMMARY AND DISCUSSION
In this paper, we derive the decay amplitude of B0 → J/Ψ η(′) and the relation of the
branching ratios of B0 → J/Ψ η(′). We computed the branching ratio of B0 → J/Ψ η which
is in agreement with recent experimental data. We also predict the branching ratio of B0 →
J/Ψ η(′) to be 7.59×10−6. From the result of the branching ratios of B0 → J/Ψ η(′) shown in
Table I,II, we can find the nonfactorizable contribution in B0 → J/Ψ η(′) is comparable to the
factorizable part, which is similar with in other B decay modes into charmonia. Comparing
many calculations to B decays into charmonia, we conclude that the pQCD approach can not
be used to calculate the factorizable contribution in B decays into charmonia. We suggest
two methods to determine the mixing angle θp of η and η
′. For the first method we get η−η′
mixing angle θp to be about −13.1◦ which is in consistency with others. The second method
for determining the the mixing angle θp can reduce the uncertainties quite a bit, but needs
the experimental data of the branching ratio of B0 → J/Ψ η′ as an input. We hope that
the future experiment would measure it.
For comparison of the different contributions to the braching ratios from naive factoriza-
tion, vertex correction, and hard spectator scattering, we present Table I,II. Form Table I,II
we can see that the vertex correction and the spectator scattering are very important. The
naive factorization alone can not fit the data.
12
quantity NF NF+VC NF+VC+HS
Br(B → J/Ψ η)(10−6) 1.615 2.719 9.79
Br(B → J/Ψ η′)(10−6) 1.256 2.129 7.59
TABLE I: The branching ratios in units of 10−6 for B → J/Ψ η(′), NF in Column II means
the results in naive factorization assumption, +VC in Column III, +HS in Column IV mean the
inclusions of with vertex correction in QCDF, hard spectator contribution in pQCD, respectively.
mode ANF (10
−3) AV C(10−3) AHS(10−3)
B → J/Ψ η -1.897-0.0584I 3.658+1.962I -2.277+2.916I
B → J/Ψ η′ -1.592-0.0386I 3.252+1.744I -2.024+2.681I
TABLE II: The decay amplitude in units of 10−3 for B → J/Ψ η(′). ANF in Column II means
the contribution of the factorizable diagram in naive factorization assumption, AV C in Column III,
AHS in Column IV mean the contributions of the vertex correction in QCDF, of the hard spectator
diagrams in pQCD, respectively.
IV. APPENDIX: INPUT PARAMETERS AND WAVE FUNCTIONS
We use the following input parameters in the numerical calculations
Λ
(f=4)
MS
= 250MeV, fB = 190MeV, MB = 5.2792GeV,
MW = 80.41GeV, τB0 = 1.53× 10−12s, (38)
For the CKM matrix elements, we adopt the wolfenstein parametrization for the CKM
matrix up to O(λ3),
VCKM =


1− λ2
2
λ Aλ3(ρ− iη)
−λ 1− λ2
2
Aλ2
Aλ3(1− ρ− iη) −Aλ2 1

 , (39)
with the parameters λ = 0.2272, A = 0.818, ρ¯ = 0.221 and η¯ = 0.340.
For the B meson distribution amplitude, we adopt the model[42, 43]
φB(x, b) = NBx
2(1− x)2exp
[
−M
2
B x
2
2ω2b
− 1
2
(ωbb)
2
]
, (40)
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where ωb is a free parameter and we take ωb = 0.4± 0.05 GeV in numerical calculations,
and NB = 91.745 is the normalization factor for ωb = 0.4.
The J/ψ meson asymptotic distribution amplitudes are given by [44]
ΨL(x) = ΨT (x) = 9.58
fJ/ψ
2
√
2Nc
x(1− x)
[
x(1− x)
1− 2.8x(1− x)
]0.7
,
Ψt(x) = 10.94
fJ/ψ
2
√
2Nc
(1− 2x)2
[
x(1− x)
1− 2.8x(1− x)
]0.7
,
ΨV (x) = 1.67
fJ/ψ
2
√
2Nc
[
1 + (2x− 1)2
] [ x(1− x)
1− 2.8x(1− x)
]0.7
, (41)
The wave function for dd¯ components of η(′) meson are given as
Φη
dd¯
(P, x, ζ) ≡ 1√
2NC
[
p/Φη
dd¯
(x) +m
η
dd¯
0 Φ
P
η
dd¯
(x) + ζm
η
dd¯
0 (v/n/− v · n)Φtη
dd¯
(x)
]
, (42)
where P and x are the momentum and the momentum fraction of ηdd¯, respectively.
For η(′) meson, distribute amplitude is taken as [36]
Φη
dd¯
(x) =
3√
2Nc
fxx(1− x)
{
1 + a
η
dd¯
2
3
2
[
5(1− 2x)2 − 1
]
+a
η
dd¯
4
15
8
[
21(1− 2x)4 − 14(1− 2x)2 + 1
]}
,
ΦPη
dd¯
(x) =
1
2
√
2Nc
fx
{
1 +
1
2
(
30η3 − 5
2
ρ2η
dd¯
) [
3(1− 2x)2 − 1
]
+
1
8
(
−3η3ω3 − 27
20
ρ2η
dd¯
− 81
10
ρ2η
dd¯
a
η
dd¯
2
) [
35(1− 2x)4 − 30(1− 2x)2 + 3
]}
,
Φtη
dd¯
(x) =
3√
2Nc
fx(1− 2x)
·
[
1
6
+ (5η3 − 1
2
η3ω3 − 7
20
ρ2η
dd¯
− 3
5
ρ2η
dd¯
a
η
dd¯
2 )(10x
2 − 10x+ 1)
]
,
(43)
with
a
η
dd¯
2 = 0.44, a
η
dd¯
4 = 0.25, fx = 0.130GeV,
ρη
dd¯
= mpi/m
η
dd¯
0 , η3 = 0.015, ω3 = −3.0. (44)
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